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Abgtract: A revised version of the Griffin & Holland ideal semiconductor bolometer
model is presented and its use in determining bolometer properties and parameters from
experimental load curve measurements is discussed. We show that degeneracy between
some bolometer parameters can only be broken by model fitting a family of load curves
over a range of bath temperatures, and that measurements with the bolometer blanked
(zero absorbed radiant power) are essential for unambiguous determination of the main
parameters. The influence of measurement errors on parameter recovery is analysed
using synthetic noisy data sets.
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1 Introduction

Low temperature semiconductor bolometers are widely used in ground, balloon, and
satellite based millimetre and sub-millimetre wave astronomy [eg., Refs. 1, 2, 3.
Silicon nitride micromesh bolometers using neutron transmutation doped (NTD)
germanium thermistors operating at 100-300 mK are arguably the current mature state-
of-the-art technology [e.g., Refs. 4, 5, 6, 7].

The physical principles of cryogenic semiconductor bolometers have been developed by
Jones [8], Low P, and Mather [10, 11]. Based on Mather's non-equilibrium theory,
Chanin & Torre [12] and Griffin & Holland [13] developed parameterised ideal thermal
bolometer models to investigate optimisation under different levels of radiant
background power loading. This work was extended by Grannan et al. [14] to include
electrical non-linearities. Whilst these works provide a good theoretical framework for
bolometer design, the issue of detailed characterisation and performance verification of
actual devices needs further discussion. To this end, we present a modified form of the
Griffin & Holland model and discuss its use in characterising actual devices. We use
synthetic voltage-current data sets to illustrate important aspects of design and
performance verification, and demonstrate the applicability of an ideal thermal model to
real bolometers. We also discuss non-thermal electrical effects that mght account for
the departures of real devices from ideal thermal behaviour. Application of the model
to the characterisation of a prototype bolometer for the 143-GHz band of the Planck HFI
instrument is described by Woodcraft et al. [7].
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2 Bolometer thermal modd

A bolometric detector is shown schematically in Figure 1. A thermistor of resistance R
and at temperature T is coupled to a heat sink at a bath temperature T, through a thermal
link of length L and static thermal conductance Gs. A bias current | flows through the
thermistor, generating a voltage V = IR across it. The bias current is usually generated
by load resistance R_ in series with a voltage source V, The voltage V is usually
measured through a low noise voltage amplifier. The total power dissipated in the
bolometer is W= P + Q where Q is the absorbed radiant power and P = VI is the
electrical power. The bolometer has heat capacity C(T) (we assume that the thermal link
has zero heat capacity).
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Figure 1. Schematic diagrams of (a) a bolometric detector and (b) the electrical bias
and measuring circuit.




The steady state energy balance equation for the bolometer is
W =Gg(T-T,). @

The Griffin & Holland model was based on the non-equilibrium bolometer theory of
Mather [10] but assumed that the variation of the thermal conductance with temperature
can be expressed as a power law, Gg(T,To) = Gg(T/To)® where Gg is the thermal
conductance at temperature T = To. Here, in keeping with Mather's theory, we make the
physically more realistic assumption, also noted by Murray et al. [15] and Grannan et al.
[14], that it is the temperature variation of the thermal conductivity, k, of the thermal
link that is appropriately expressed as a power law:
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where ko = k(Tp). In other words we take the variation of thermal conductivity with
temperature across the thermal link into account. Now,
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where A(X) is the cross-sectional area of thermal link at position x. For simplicity, but

without loss of generality, we take the cross section to be constant, A(X) = A
Integration of equation (3) then yields
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wheref =T/T,. From equations (1) and (4), we have
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where Ggy = Kkg(A/L) (which can be deduced by taking the limit T® Ty in equation (5)
above). From equations (1) and (5) we obtain
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Equation (6) enables us to model the voltage-current (load curve) characteristics of a
bolometer if we know the temperature variation of the thermistor resistance, R(T).

A variety of doped semiconductors [l4, 16] have hkeen used as low temperature
thermistor materials. The dominant conduction mechanism in these materials is variable
range hopping between localised sites [17, 18, 19], and in general the resistance of the
device varies with both applied voltage and temperature [14, 20]
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where Ty is a material parameter, R’ depends on both material and device geometry, L is
related to the average hopping distance and is in general temperature dependent [7] and
E is the electric field across the device. In the absence of electrical non-linearities, and
other effects such as el ectron-phonon decoupling [20], the thermistor resistance depends
only on temperature:
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Within the context of the ideal thermal bolometer model discussed here, we assume that
the thermistor resistance varies only with temperature as described by equation (8).

The voltage-current characteristic (load curve) of an ideal thermal bolometer can be
generated by incrementing T from To to some value Tna in equations (6) and (8). For
given values of b, Gy, Q, R, Tg, and n, the electrical power P and resistance R(T) can
be determined. Then

| V = [PRM)]Y?, (%)
an
| = [PIR(Y2. (9b)

Other important quantities for specifying bolometer performance are as given below.
The temperature coefficient of resistance of the bolometer, a, is given by

n
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The dynamic impedance, Z, isgiven by
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where Gy = dWdT is the dynamic thermal conductance at temperature T:
Gy 9kof = Gyf (12)

and Gyo = Gy(To) = (A/L)ko. We note that Gyo= Gy - i.e. the static and dynamic thermal
conductances are the same at the bath temperature. The DC responsivity, S, is[8]
U
S= o - h eLu, (139)

or equivalently,

U
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where G, the effective thermal conductance, differs from Gy due to the effect of electro-
thermal feedback [10]:

4pER - RU
G,= G, - aPet_ g, (14)
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Finally, the responsivity of the ideal bolometer varies with the angular frequency of
modulation of the incident radiation, w, as:

stw)= s+ w2 2, (s)

where the effective thermal time constant, te, is given by

te:G—. (16)
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In the Appendix, these equations are used to express the responsivity in terms of the
parameters b, n, Ty, R, Gg, and Q. The Appendix also examines the various
contributions to the bolometer NEP and likewise relates these to the above parameters,
and, for completeness, gives the modified forms of the equations used by Griffin &
Holland [12] for bolometer optimisation, taking into account equation (2).



3 Bolometer characterisation

As discussed above, for agiven aset of values for the parameters (b, n, Ty, R, Gg, and
Q) it is a simple matter to model a load curve at a bath temperature Ty using equations
(6), (8) and (9). Similarly, the responsivity and NEP as a function of bias current can
also be aso be modelled using equations (13), (14), (A10), (A1l) and (A15). For the
purpose of illustration, we consider a bolometer with the parameter summarised in
Tablel:

b |13
n 7

T, | 15K
R | 100w

Gy | 120pW K™ at Ty =100 mK
Q 0 (blanked - i.e. no radiant loading) or 0.5 pW (non-blanked).

Tablel: Parameter set used for model bolometer

For bolometers that use neutron-transmutation-doped germanium:gallium (NTD-Ge)
thermistor elements in which the dominant conduction mechanism is variable range
hopping, the value of n =% has been found to produce good fitsto the R-T variation of
over the range of temperatures of interest here and over several orders of magnitude in
resistance [16,20]. Idedlly, b = 1 for a metalic thermal link, or 3 for a crystaline
dielectric link R1]; rea bolometers may consist of a number of components with
differing properties and so can exhibit values of b between these limits.

A typical set of measurements needed to characterise the performance of both the
bolometer and its associated optical conponents comprises:

0] blanked load curves, in which sets of voltage-current characteristics of the
bolometer are measured for a variety of bath temperatures, T, ensuring that there
is no power loading on the bolometer by external radiation;

(i)  non-blanked load curves, for which the bolometer views a controlled amount of
external radiation (these are again recorded at various bath temperatures);

(iii)  speed of response measurements, in which the frequency response of the
bolometer to a modulated radiant source is recorded over a range of electrical
bias voltages and for avariety of bath temperatures;

(iv)  bolometer noise measurements on the bolometer, both blanked and non-blanked.

The goal of bolometer characterisation is to determine experimentally the parameter set
of the bolometer.



4 Modéd fitting of a single load curve

To understand the importance of each of these data sets, it is worth considering how
much can be learned just from a single load curve measurement. The measured load
curve can be expressed asR vs. P. From equations (6) and (8), and usingn = %,
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We presume to know only To. Equation (17) is linear in In[In(R/R’)], with slope

m= -(2b + 3) and intercept ¢ = In[2Gs,T,"""/T,"], only for the correct value of R . Thus,
agraph of ¢ vs. R from alinear |east squares fit enables us to determine both R and b.
Thisisillustrated in Figure 2 for both blanked and non-blanked synthetic load curves at
To = 100 mK using the standard parameter set listed above. We have determined the
derivative numerically from the modelled data by differentiating an interpolation
function of the Rvs. P curve, just aswe would for ameasured |oad curve. The optimum
recovered value for R is obtained by finding the minimum of the interpolated c? vs. R
curve. From Figure 2a we find an optimum value of R =100 W for both of the synthetic
load curves as expected. Using this optimum value of R’ in equation (17) and applying a
linear least squares fit, the best fit values of the slope and intercept can be found. Figure
2b shows that both synthetic load curves yield identical values of m=5.6 andc =14.7.
From m, we determine b = 1.3 as expected. For the blanked load curve, in the limit P ®

0, the thermistor temperature T ® Ty (equation 1) and R(T, P ® 0) = R(Tp) which can
be measured from the R-P curve. Thus, Ty can be deduced from equation (8) and hence
Gg from the value of the intercept c. From our synthetic blanked load curve, R(T, P®

0 » 208x 10" W, giving values of Ty = 15 K and Gg = 119.9 pW K™ as expected. It is
not possible to determine Ty and Gg from a non-blanked load curve in this fashion
because the thermistor temperature T > Ty at P = 0. For the particular non-blanked load
curve used here with Q= 0.5 pW, we find R(T, P® 0) » 1.6 x 10" W.

In principle, therefore, al of the bolometer parameters can determined from a single
blanked load curve, and R and b can be determined even if it is not known that the load
curve was blanked. In practice equation (17) is difficult to apply because it requires
e>§tremely low-noise data. The double logarithm means that the method is insensitive to
R'. Synthetic data show that the load curves need to be measured to better than 0.05%
accuracy and with a sampling interval small enough to enable the numerical derivative
to be calculated reliably. This is illustrated for our example bolometer with synthetic
blanked load curves calculated at To = 100 mK with noise added at the 0.01% and 0.1%
levels for each voltage and current datum. Figures 3a and 3b show atypica c?vs. R
curve, and the least squares fit to equation (17) using the optimum value of R™ derived
from it, respectively, for the case of 0.01% noise level. The average from a set of five
such synthetic load curves yielded R =95 + 82 W, m=563 + 0.04, and c = 14.8 +
0.16. From these values we find b = 1.31 £ 0.02, Ty =151 + 0.2 K, and Gy = 1206 +
0.8 pW K which agree very well with the original parameter set. Figure 3c shows a
typical c?vs. R curve for a 01% noise level case giving an optimum value of R =



46.9 W. The least square fit using this value is shown in Figure 3d from which we find b
=15 Ty = 169 K, and Gy = 127.5 pW K. The relatively large differences between
these best fit values and the actual parameters mean that these numbers would be
unsuitable for predicting the bolometer behaviour at other base temperatures. We have
been unable to find a smoothing algorithm or other method to make the numerical

determination of the derivative more accurate.
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Figure 22 (a) c®vs. R for fits to equation (17) for data from synthetic load curves
generated using the standard parameter set at Tp = 100 mK. Lighter curve: Q = 0
(blanked); heavier curve: Q = 0.5 pW (non-blanked). Both curves show a minimum in
c® at a “best” value of R =100 W as expected. (b) The load curve data plotted



according to equation (17) using the “best” value of R = 100 W as found above. Lighter
line Q = 0; heavier line (which has been displaced by 0.2 units in the vertical scale for
clarity) Q = 0.5 pW. Both curves have the same slope and intercept.
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Figure 3: (8) c? vs. R’ for fits to equation (17) for data from a synthetic load curve with
0.01% added noise generated using the standard parameter set at To = 100 mK and Q =
0. The “best” value of R = 1035 W. (b) The load curve data used in (b) plotted
according to equation (17) using the “best” value of R = 1035 W as found above.



Chi Squared
o0
g

In-R(dP/dR)]

8.969

8.968

8.967

8.965

(©)

8.964

35 7

3.0

2.5 1

2.0 7

15 1

1.0 1

0.5 1

0.0
2.2

2.4 25 2.5 26 2.6

In{In(R/R*)]

Figure 3: (c) c?vs. R’ for fits to equation (17) for data from a synthetic load curve with
0.1% added noise generated using the standard parameter set at To = 100 mK andQ =0.
The “best” value is R = 47 W: (d) the load curve data used in (c) plotted according to
equation (17) using the “best” value of R* = 47 W as found above.

The other drawback with this approach is that from a singleload curveit is not possible
to say that the bolometer is truly running blanked. Thus, if there were any stray radiant



power absorbed during the measurement of a nominally blanked load curve, the derived
values of Ty and hence Gg, would be erroneous.

In the following sections we show how these difficulties can be avoided by applying a
non-linear fit to families of load curves recorded under different radiant loading
conditions over arange of bath temperatures.

5 Non-linear fitting of load curves

Equations (6) and (8) can be combined into a form suitable for non-linear curve fitting:

9(; Tg + _
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It is important to realise that one cannot simply fit X, Y, To, Ty, R and Q to measured
data and expect a sensible result. (Remember that although Ty is experimentally
measured, in practise because of experimental and/or calibration errors we might wish
to fit To to the load curve data). The reason is that X, Y, To, Tg, R and Q are not
irldependent parameters. For blanked load curves (Q = 0), To is afunction of Ty, Ry and

To=——, (20)
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where Ry is the thermistor resistance at zero bias current (and therefore zero electrical
power). When Q is non-zero, it can be expressed as a function of X, Ty etc.:
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Furthermore, the parameter values for best fit are not unique. For example, if a set of
parameters {b, Tg, R, G, To1} fits a blanked load curve, the parameter set {b, Ty/f, R,
fGs, Too} Where f= To1/To, Will fit the load curve equally well. For non-blanked load
curves the problem of degeneracy is compounded if we also attempt to fit Q as afree
parameter. Mather [10] has already noted that the effect of dissipation of the absorbed
radiant power in the bolometer is equivalent to that of operating the bolometer from a
higher bath temperature but with less radiant power. More specifically, a non-blanked
load curve defined by the parameters {b, T, R, Gg, To, Q} isidentically reproduced by
the parameter set {b, Ty, R, Geo(f), fTo, Q(f)} where

Gy(f) = Gef®, (22a)
and
- Gaolol _ ¢bu| ,
Q(f) = ﬁ[l f ] Q. (22b)

We note that for some range of f, Q(f) is in fact negative which, although completely
non-physical, actually reproduces the original load curve exactly. We note further that
equation (22a) is completely consistent with a change in bath temperature and that Gy =
Gy at the new bath temperature.

We will return to this issue of degeneracy when discussing thermometry and non-
blanked load curves but it is already clear that some parameters need to be determined
prior to attempting a least squares fit. Fortunately, the family of blanked load curves
affords the prior determination of both Ty and R’

6 Parameter derivation by fitting of load curve families

This section demonstrates a procedure for deducing the bolometer parameter set using
load curve families recorded over a range of bath temperatures. We illustrate the
procedure using noise free synthetic load curves generated using our standard parameter
set. Practical issues are discussed in Section 7 using synthetic load curves with
simulated noise added. In order to be representative of real experimental data, each
synthetic load curve consists of a set of thirty current-voltage data points. Furthermore,
the data points are more densely spaced at low bias currents, asis necessary [7] in order
that a) the important quantity, Ry, can be more accurately measured and b) there be a
sufficient number of data pointsin the linear portion of the load curve.

6.1 Blanked load curves

The importance of acquiring a good set of blanked load curves over a range of bath
temperatures cannot be overstated as the data from this family provide the best



estimates of R~ and Ty through plotting In[Ro(To)] vs. U/Ty". For bolometers using NTD-
Ge thermistors, this curve is expected to be linear, of slope Ty" and intercept In(R).
Departures from linearity will occur if the bolometer absorbs stray power, either due to
a radiation leak or due to microphonic, electrical, or RF pickup. This provides a good
test for the experimental setup. Figure 4 shows the curves determined from noisefree
synthetic blanked load curves, and for synthetic load curves where a small stray power
component, Qs (= 0.05 pW, 0.1 pW and 0.2 pW), has been introduced. It is seen that the
method not only determines R* and Tg to very high accuracy for the case of the blanked
load curves, but that for typical 100-mK bolometers, it is sensitive to stray power down
to about 0.05 pW. We note that to detect departures from linearity in practice, we should
extrapolate the linear fit to data points for high Ty, where the effect of stray power is
minimal, to the lower values of T.
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Figure 4: In(Ro) vs. U/To"? curves determined from noisefree synthetic load curves:
blanked (solid squares and the fitted line); stray radiant power Qs = 0.05 pW (open
diamonds), 0.1 pW (crosses) and 0.2 pW (open triangles).
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Having found R and Ty, and using equation (20), it is easy to demonstrate that a non-
linear fit of the blanked load curves to equation (18) converges to determine X and Y
(and hence Gg and b) to high accuracy from awide range initial guessesfor XandY. A
synthetic non-blanked load curve and fit for To = 100 mK is shown in upper trace of
Figure5.
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Figure 5. Synthetic noise-free load curves at T = 100 mK: blanked (sguares) and Q =
0.5 pW (diamonds). The lines are the model fits to the data.

6.2 Non-blanked load curves

Families of non-blanked load curves (Q > 0) are important because not only do they
allow a measurement of the efficiency of the optical chain, but also because these data
provide a means of checking the consistency of bolometer parameters. For these
measurements, the beam of the bolometer optic is filled with radiation from a black
body source at temperature T, Thisis normally filtered to allow only radiation in the
desired passband through, and reduced in intensity using neutral density filtersto alevel
comparable to that expected in actual use. This resultsin a controlled amount of radiant
power Q(Tyag) being absorbed by the bolometer. Again, families of load curves are
measured over a range of bath temperatures. Tqq is typically 300 K for a black body
source at room temperature or 77 K for a black body source at liquid nitrogen
temperature. Woodcraft et al. [7] describe such measurementsin detail.

The fitting procedure has been tested with synthetic noise-free non-blanked load curves
calculated using the standard parameter set and Q = 0.5 pW. We assume that R and Ty
have been determined from the family of blanked load curves (they cannot be
determined from the non-blanked family). For the non-blanked load curves we combine
equations (18) and (21a) to write P(R) as
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X and Y can be readily fitted to equation (23). Again, the fits converge from a wide
range of starting values for X and Y. The lower trace in Figure 5 shows a synthetic load
curve together with thefit for To =100 mK.

Testsfor internal consistency of the model are then:

0] the calculated value of Q should be the same for all non-blanked load curves
within afamily recorded using a particular source temperature T,g;

(i)  the deduced values of b and Gg should be the same for the blanked and non-
blanked load curves recorded at the same bath temperature;

(iii)  acurveof IN[Gg(Tp)] vs. In[Tg] should yield astraight line of slope b.

With synthetic noisefree data, the parameter recovery is, as expected, excellent. The
following section describes how well this method works for synthetic load curves with
noise added.

7 Theinfluence of measurement errorson derived parameters

When attempting to fit real load curves, two important aspects must be considered:
errors in the bath thermometer calibration and noise associated with measuring the load
curves themselves.

7.1  Errorsinthebath temperature, To

In order to plot IN[Ry(Tg)] Vvs. VT2, curves from a family of blanked load curves we
clearly need a measure of the bath temperature Ty. In practice, a calibrated thermometer
on the bolometer cold stage provides this. Errors in the calibration of this thermometer
as well as errors in the measurement of Ry will result in corresponding errors in the
values of R and T,. Before looking at how these errors affect the fitted values of Gg
and b within families of load curves, we discuss a more subtle point: namely, what
value of Ty should we usein the fits?

The obvious answer would be to use Ty as measured by the calibrated thermometer. We
assert here that the best approach for a consistent analysis of families of load curvesis,
in fact, to use the bath thermometer to determine the best estimates for R and T, from
the blanked load curves as described above; and then, having found R and Tg touseTo
as determined by equation (20). By doing this, random errors in both the calibration of



the stage thermometer and the measurements of R, are averaged over the data set. We
are then effectively using the thermistor chip on the bolometer itself, for which equation
(8) isknown to be very good, as a sensitive heat bath thermometer.

7.2 Theeffectsof errorsin Tyand R onb and Gg

It is easy to see the effect of an error in Ty on the best fit values of b and Gg. If our
deduced value of R is accurate, then any error in the value of T, amounts to a
systematic multiplicative error in thermistor temperature. That is, if we deduce a value
T,"/f then equation (20) gives a bath temperature To/f. Likewise, the calculated
thermistor temperature for any point on the load curve will be T/f instead of T. The net
effect of thisis that the non-linear fit then yields the valuesb and fGg, with as good a fit
as would have resulted had we been absolutely accurate in determining Tq. We note that
equation (12) would also hold for these parameter values.

We demonstrate the effect of an error in R using the set of synthetic noise free blanked
load curves generated using the standard parameter set. We use the exact value of Ty =
15 K but a range of values for R (80, 90, 100, 110, and 120 W). Table I1 lists the values
of Ty calculated using equation (20) and the fitted values of b and Gg, for synthetic load
curves generated for bath temperatures of 100 mK, 170 mK and 250 mK. The important
points to note are that if we underestimate R, the method returns a lower value for T
and higher values for Ggy and b, with b values increasing steadily with increasing base
temperature. However, because the bolometer temperature depends only logarithmically
on R we find that even for the load curve calculated with a base temperature of 250
mK, where the fits are worst, an error of 20% in R only amounts to an error of 5.5% in
To. The corresponding errors in both Ggy and b are both 8.4%.

100 mK 170 mK 250 mK
R- To b G To b Go To b Go
W mK pW Kt | mK pW Kt | mK pw K*

80 |95 | 1371263 1622 | 139 ] 2556 | 2362 [ 141 | 42738

0 |93 |133]1230 1663 | 1.34 | 2469 | 2434 | 1.35 | 4103

100 | 100 | 1.30 [ 1200 1700 | 130 ] 2393 [ 2500 | 1.30 | 3951

110 | 1016 | 127 [ 1174 [ 1735 [ 126 | 2326 | 2563 | 1.25 | 3816

120 [ 1031 [ 124 [ 1151 1768 | 123 2265 [ 2622 | 1.21 | 3696

Table II: Calculated values of Ty values from equation (20), and fitted b and Gg, values
tabulated for a range of assumed R values for synthetic noisefree blanked load curves
generated at base temperatures of 100 mK, 170 mK and 250 mK using the standard
parameter set. Ty istaken as 15 K in thefitsand calculations.

It is interesting to note that even though the fitted load curves generated using the
parameters listed in Table I with Ty =15 K are such that each they overlay the synthetic
data well enough to be more or less indistinguishable, as the error in R increases so
does the value of ¢ for the fit. This suggests a strategy to improve our knowledge of R :
plot c? vs. R and use that value of R for which c? is a minimum. Ideally, all load
curves would return the same optimum value for R. However, it is easily demonstrated



that although a minimum in c? is found for synthetic noise free load curves, in general
no such minimum is found when noise is introduced even at only the 1% level.

7.3  Noisy syntheticload curves

We have seen that the methods described above work extremely well for synthetic
noise free load curves. We now use families of synthetic blanked and non-blanked load
curves with noise added at the 1% and 10% levels to test the applicability of the method
to real data. Synthetic load curves were generated using the standard parameter set for
range of bath temperatures Togen = {70 MK, 80 mK, ... 250 mK.} For comparison,
Figure 6 shows a 100-mK synthetic blanked load curve with 10% noise together with an
experimentally measured blanked load curve for a prototype Planck HFI bolometer at Ty
= 98.5 mK (the solid lines are the fitted load curves, see below). It is clear that,
systematic errors notwithstanding, a 10% noise level would represent poor data.

1%

I (nA)

Figure 6: A synthetic blanked load curve with 10% noise generated using the standard
parameter set at To = 100 mK (diamonds) compared to a measured blanked load curve
for a prototype Planck HFI bolometer, at To = 98.5 mK (sguares). The lines are fits to
the data.

731 TgandR

Figure 7 shows In[Ry] Vs. 1/ Tonoise" > curves for the synthetic 1% and 10% noise level
blanked load curve data. The bath temperature used in this plot is Tonoise = Togen + DTo,
where Togen is the temperature at which the load curve is generated and DTy isarandom
temperature fluctuation in the range +1 mK. This would correspond to using the bath
temperature as measured by the calibrated stage thermometer with a calibration
error/noise level of +1 mK. Ry is estimated by averaging the resistance values of the
first five data points from the load curve, over which the electrical power dissipation in
the thermistor is sufficiently small that its resistance should remain essentially constant.
We find that a linear fit yields values of {Tq =15 + 0.005K, R =100 + 0.2 W} for 1%



noise and {Ty =151 + 009 K, R = 96.3 + 3 W} for 10% noise. Thus, Ty and R are
recovered to good accuracy (approximately 1% and 4%) even for noise levels of 10%
on the load curves.

732 Ggandb from blanked load curves

For blanked load curves, assuming that we have a measure of Ty and R, and setting Q =
0, the parameters {Ty, Gy, b} areindependent. For the noise free synthetic blanked load
curves we were able to calculate Ty from Ry using equation (20) confident that the value
will be accurate. For noisy load curves, we have two options: either use Ry in equation

20 T
19 A
18 A
17 A
16 A
15 A
14 A
13 ¢
12 T T T |

2 25 3 35 4

In(Ry)

1/2
vT Onoise
Figure 7: In(Ro) Vs. U/ Tonoise~ > curves for synthetic blanked load curves with 1% added
noise (diamonds) and 10% (squares). The 10% noise curve has been offset 0.5 unitsin
the vertical direction for clarity. Thelinesare linear fits to the data.

(20) to calculate a value of Ty to use in fits with {Ggy, b} as free parameters, or fit {To,
Gg, b} directly. We use the first of the two methods for the following reason: the best
estimates for {Tg, R’} have been deduced using Ry and Toneise. Thus, the value Ty given
by equation (20) is the value most consistent with thgse Ty and R estimates. Fitting Ty
would return a value inconsistent with these {Ty, R} values. It might be argued that
having found a set of fitted To values, these be used in the In[Ry(To)] vs. 1/ ToY? plots to
re-estimate {Tg, R’} and the process iterated. However, it is not clear that the process
converges. In practice, fitting of synthetic non-blanked load curves suggest that the Ty
values found by the two methods are close enough to give identical { Gg, b} valuesto
approximately 1% even for load curves with 10% noise.

Table 2 lists the calculated bath temperatures, Ty, and the fitted b and Gy values for
both the 1% and 10% noise level families of blanked load curves. Also listed in Table 2
for the 10% noise level family of load curves are the valuesif Ty is fitted together with



Gg and b rather than calculated from equation (20). The values demonstrate that the
two methods yield more or less the same results. Figure 8 shows In(Gg) Vvs.
IN[To/To(100 MK)] curves, where To(100 mK) is the calculated bath temperature for the
100 mK load curves. A linear fit to these curves yields b = 1.304 + 0.005 and Gg(100
mK) = 1202 + 0.25 pW K* for the 1% noise data, and b = 1.26 + 0.06 and Gg(100
mK) = 121.5 + 12 pW K™ for the 10% noise data. These “global” values for Gg, and b
are in good agreement with those used to generate the load curves.

1% Noisée® 10% Noise® 10% Noise’
Togen | To b Gy To b Gg To b Gy
mK | mK pW K[ mK pwW Kt | mK pw K*

70 70 | 131 | 749 702 | 127 78.7 704 | 127 79.7
100 | 100 | 129 | 1204 | 999 | 144 | 1152 999 | 145 | 1133
150 | 150 | 131 | 2028 | 1485 | 114 | 2160 1504 | 110 | 2284
200 [ 200 | 130 | 2960 | 1988 | 144 | 2890 1993 | 143 | 2917
250 | 250 | 128 | 397.7 | 2512 | 1.70 | 3265 2405 | 186 | 2251

& b and Gg fitted with Ty cal culated using equation (20b)
® To, b and Gy fitted

Table 2. Calculated? and fitted® values of To, and fitted values of Gg, and b tabulated for
two families of synthetic noisy blanked load curves generated using the standard
parameter set at bath temperatures of Togen.

733 Gg, b and Qfrom non-blanked load curves

When faced with the task of fitting load curves with Q > 0, it is tempting to fit the data
with To, Gy, b, and Q as free parameters - see, for example, Naylor et al. [22]. We have
shown in Section 6, however, that Ty, Gg, and Q are not independent. With the
synthetic noisefree non-blanked load curves of Section 6.2 we implicitly assumed
prefect calibration of the bath thermometer and thus knew Ty, from which Q could be
determined from equation (21a). Thus, we needed to only fit Gg and b to the load
Curves.

With real data, if we ensure that the family of non-blanked load curvesis recorded at the
same set of bath temperatures as the family of blanked load curves (see Woodcraft et al.
[7] for experimental details), then we can use those values of Ty as determined by R, Ty
and R, for the blanked load curves. Having fixed Ty thus, we can either fit the data to
{X,Y, Q} (and hence {Gg, b, Q}) in equation (18), or we can determine Q a priori and
fit the data to {Gg, b}. We can determine Q a priori in the same fashion as with the
noise-freeload curves: i.e., use Ry in equation (21a) and fit { X, Y} to equation (23).
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Figure 8 In(Gg) Vvs., LN[To/Tp(100 mK)] curves from fitted {b, Ggy} parameters for
blanked synthetic load curves. Circles and dashed line: 1% noise; squares and solid line:
10% noise.

Ideally both methods would return the same Q and the {Gg, b} values would be
consistent with those found for the family of blanked load curves.

These methods are demonstrated using families of synthetic non-blanked load curves,
generated using the standard parameter set and Q = 0.5 pW, with 1% and 10% level
added noise. Figure 9 shows the value of Q returned. It is seen that for both 1% and
10% level noise, using Ry and fitting {X,Y} is marginally more accurate than fitting Q
directly. With both methods, the value of Q is closer to the expected 0.5 pW for load
curves generated at lower bath temperatures, which are more susceptible to the effect of
radiant power loading. It is seen that for parameter set, the values of Q returned from the
10% noisy load curves become unreliable at bath temperatures much above 150 mK.
Figure 10 shows that even with the large errors in Q at the higher bath temperatures, the
{Gg, b} values returned by the fits from both methods are in good agreement with
expectations. These are summarised as {b, Gg;} = {1.31 + 0.006, 1195 + 0.4 pW K™}
and {1.34 + 007, 1223 + 4.5 pW K™} obtained by fitting Q as a free parameter for the
1% and 10% noise level load curves, respectively, and {1.31 + 0.005, 119.6 = 0.3 pW
K™} and {1.34 + 0.06, 122.0 + 3.8 pW K™} obtained by fitting { X, Y} to equation (23).

A second way to determine Qisto notethat if two load curves are measured at the same
base temperature and are looking at black body radiation from sources at temperatures
Trad1 and Tyag0, then:



Q(Tradz) b Q(Tradl) = P(RTradZ) - P(R'Tradl)' (24)
In particular, if thefirst load curve is measured with the bolometer blanked, then
Q = QTag2) = P(RT,og) - P(Rblank). (25)

Ideally, equation (25) would return the same value of Q for all values of R accessed by
both P(R) curves. With real noisy data, we would use the average value Q over the

range R. Thiscan be conveniently found by fitting both the blanked and non-blanked P-
R datato a series expansion of the form

g
P(R) » F(R) = a AR, (26)

j=-m

and calculating

Rmax

(Rblank )- F (R Tyap)JdR

= 4 , 5
N Rmax'Rmin (7)

where (Rnax Rmin) 1S the range of R common to both load curves. Equation (26) fits the
load curves very well with m = 4 over the bath temperature range 70 - 250 mK

considered here. Having calculated Q, it can be used directly in equation (18) to fit { X,
Y} as the only free parameters. The advantage of this method is that it uses the entire

load curve to estimate Q. However, as Figure 11 shows, the values of Q found in this
way are not as precise as for the other two methods described above. This is not
surprising since effectively the errorsin two load curves contribute the error in Q.

8 Responsivity and NEP

The DC responsivity is defined by equations (13) and (14). It can be estimated from the
low frequency limit of the speed of response measurements (see Ref. 7 for experimental
details). Because it is difficult to have precise knowledge of the modulated power, what
we actually obtain from these measurements is the normalised responsivity.

A second way of estimating the responsivity is by measuring two non-blanked load
curves, one with the bolometer viewing a black body source at room temperature (300
K), the other viewing a black body source at liquid nitrogen temperature (77 K). We can
use equation (24) and generalise equation (26) to measure the difference DQ between
the two load curves. From the two load curves, we can measure the resultant change in
voltage DV(]) and thus estimate the responsivity:
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Figure 9. Qvs. Ty for non-blanked noisy synthetic load curves. Open diamonds and
open sguares:. using equation (23) for 1% and 10% noise load curves, respectively. Solid
diamonds and solid squares: fitting Q as a free parameter for 1% and 10% noise load
curves respectively (these are offset one by unit in the vertical axisfor clarity.)
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Figure 10: In(Gg) Vs., IN(To/To(100 mK)) curves from fitted {b, Gg} parameters for
synthetic non-blanked load curves. Circles and dashed line: 1% noise and fits using
equation (23); triangles and solid line: 10% noise and fits using equation (23); squares:
10% noise and fitting Q as a free parameter.
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We stress that equation (27) will always underestimate the responsivity to some degree:
by definition responsivity is the small signal response whereas neither DV nor DQ (even
with heavy filtering) are necessarily small in this method.

Our measurements on real bolometers [5, 7] show that not only does the ideal thermal
model fit the load curves very well, but that both the normalised responsivity and the
absolute responsivity estimated by equation (27) are also well reproduced. This
demonstrates the validity of our experimental technique, but should it increase our
confidence in the parameter set found by these methods? The answer is, unfortunately,
no. It is clear from equations (13) and (14) that the responsivity depends only on the
shape of theload curve. Thus, any parameter set that describes the load curve accurately
will give the same responsivity. This can be seen in Figure 12, which shows
responsivity curves, (), for three parameter sets {To, R, Ty, b, Gg, Q} = {100 MK,
100 W, 15 K, 1.3, 120 pW K*, 0.5 pw}, {70 mK, 100 W, 15 K, 1.3, 755 pW K*, 342
pW} and {100 mK, 50 W, 20 K, 1.515, 80 pwW K, 2.28 pw3}, al of which describe the
same load curve with good accuracy. The three responsivity curves corresponding to the
three parameter sets overlay extremely accurately. Similarly, the forms of equations
(A10), (A1l) and (A12) for the total intrinsic NEP suggest that any parameter set
describes the load curve well, will aso give the same NEP(I) curve.
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Figure 12: Calculated optical responsivity vs. bias current for the three parameter sets
{To, R, Tg, b, Gg, Q} = {100 mK, 100 W, 15 K, 1.3, 120 pW K*, 0.5 pW}, {70 mK,
100 W, 15 K, 1.3, 755 pW K?, 342 pW} and {100 mK, 50 W, 20 K, 1.515, 80 pW K,
2.28 pW}. The first two curves overlay exactly (lower curve), the third (upper curve)
almost so.

9 Departuresfrom theideal thermal model

A critical examination of experimental results and model fits presented by Sudiwala et
al. [5] and Woodcraft et a. [7] suggests a departure from ideal thermal behaviour NTD-
Ge bolometers at bath temperatures below about 100 mK. This cannot be accounted for
consistently by invoking only the electric field effect described by equation (7). It is
possible that the departures are due to a combination of factors, such asthe electric field
effect, electron-phonon decoupling [20], or thermal drift of the heat bath and amplifier
gain errors, all which become more acute at lower bath temperatures. These issues will
be addressed in future modelling and experiments.

10 Conclusons

We have revised and extended the Griffin & Holland ideal thermal model for NTD
bolometer behaviour and presented a method by which bolometer parameters can be
extracted from experimental data. Problems of bolometer characterisation resulting from
parameter degeneracy have been discussed. We have demonstrated how these problems
can be overcome through measuring families of load curves over a range of bath



temperatures. The importance of a family of blanked load curves for the determination
of R* and Ty cannot be over-stressed. We have shown that from this family of blanked
load curves Gg and b can obtained through non-linear fitting of R-P curves. Using this
knowledge of R and T, families of non-blanked load curves then serve as a check for
consistency by comparing the values of Gg and b obtained from fitting these load
curves to those obtained previously. A further test of consistency is afforded by the
values of absorbed radiant power derived from these fits. We have shown that whereas
optical responsivities do not serve as a further test for consistency, that NEPs do.
Finally, it has been shown that parameter recovery is possible to reasonable accuracy
even from relatively noisy data sets.

The final assessment of the applicability of the ideal thermal model in describing real
devices can only be validated by experimental measurements. The results presented by
Woodcraft et al. [7] for two such devices, and earlier results by Sudiwala et a. [5],
indicate that the model is able to describe real devices over useful temperature ranges.

Appendix

We reformulate the important equations of Griffin & Holland taking into account the
power law variation of the thermal conductivity rather than the thermal conductance.
We define

d -_9 g = . (Al)

Equations (6) and (10) can be written as:

é( fb+1_1) i

P =GqgTyé - gua, A2
D Og—b"'l 95 (A2)
nd"
and = —. A3
TOf n+1 ( )

For infinite load resistance equations (13) and (14) become:

== (A4)

and G, =G, -aP. (A5)



A.1 DC responsivity

Combining equations (11), (13), (A1) and (A2) the DC responsivity can be expressed in
terms of bolometer parameters as
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Equation (A7) istherevised form of Griffin & Holland’s equation (18).
A.2 Variation of responsivity with background power

Griffin & Holland investigated the variation of responsivity with background power
normalised to the responsivity of the bolometer operating under some loading Q, for the
special case of Q.=0. For the more general case of Q,> 0, but still with infinite load
resistance, we find

@1 6 pu b+1 édn(fg'fn)q}
g= = -1 - -1 -9g,b +1 e————u, (A8)
§b+1§ ) [(f a ) a( )k(pé (ff a)n EH
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where g, and f, define the initial operating point of the bolometer with responsivity S,
and gand f define the new operating point with responsivity S. Setting g, = 0 in



equations (A8) and (A10) yields the revised forms of Griffin & Holland’'s equations
(25) and (26).

A.3 Noise Equivalent Power

Theintrinsic NEP of an ideal thermal bolometer is given by
NEP? = NEPJ2 + NEPPZ, (A10)

where NEP; is the Johnson noise component and NEPp i s the phonon noise component.
Following the non-equilibrium noise analysis of Mather [10], these components can be
expressed as

2
NEP? = M[y,w% 2]”2
RS?
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wheret = C/Gy isthe thermal time constant; and
NEP? = 4(qT)?G,, (A12)

where q < 1 and accounts for the temperature gradient between the bolometer element
and the thermal bath. If t and g(t) are the temperatures and thermal conductances,
respectively, along the length of the thermal link, then

T

c\b g(t)?dt

T)? gegl ?T° . (A13)

O;(t)dt

To

Integrating equation (A13) gives

42 = @1 - 1Geb+106
%fb+2£fb+l 1£2b+3ﬂ

(A14)

from which, together with equation (A12), we can obtain
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NEP? = 4kT,Gg, (A15)

Equations (A11) (with w = 0) and (A15) are the revised forms of Griffin & Holland's

equations (19) and (20).
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